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Strategy evolution on higher-order networks

Anzhi Sheng    1,2, Qi Su    3,4,5  , Long Wang    1,6   & Joshua B. Plotkin    2,7 

Cooperation is key to prosperity in human societies. Population structure is 
well understood as a catalyst for cooperation, where research has focused 
on pairwise interactions. But cooperative behaviors are not simply dyadic, 
and they often involve coordinated behavior in larger groups. Here we 
develop a framework to study the evolution of behavioral strategies in 
higher-order population structures, which include pairwise and multi-way 
interactions. We provide an analytical treatment of when cooperation will 
be favored by higher-order interactions, accounting for arbitrary spatial 
heterogeneity and nonlinear rewards for cooperation in larger groups. 
Our results indicate that higher-order interactions can act to promote 
the evolution of cooperation across a broad range of networks, in public 
goods games. Higher-order interactions consistently provide an advantage 
for cooperation when interaction hyper-networks feature multiple 
conjoined communities. Our analysis provides a systematic account of how 
higher-order interactions modulate the evolution of prosocial traits.

Humans rely on collective cooperation for social prosperity and even 
survival, whether tackling the spread of infectious diseases1, combating 
climate change2 or stabilizing ecosystems3. The emergence of prosocial 
behaviors that benefit others at a cost to oneself remains a topic of 
active study in evolutionary theory4. Population structure constrains 
the range of interactions while a trait spreads, which is known to facili-
tate prosocial traits by increasing the chance of phenotypic assortment 
and mutual cooperation. Network models offer a way to formalize 
population structure, where nodes represent individuals and edges 
denote pairwise social interactions between connected nodes. Both 
Monte Carlo simulations and mathematical models of strategic interac-
tions and behavioral spread on networks have shown that population 
structure can play an important role in catalyzing cooperation5–16. Some 
of these studies9 make explicit connections to the larger literature in 
theoretical population genetics17,18.

But cooperation is not only a dyadic phenomenon. Pairwise inter-
actions, or even the aggregation of many pairwise interactions, do 
not capture the nature of many forms of collective social behavior in 
human societies. Real-world interactions may involve more than two 
individuals simultaneously19–27, and they are better described as a broad 

class of multiplayer cooperative dilemmas28,29. For instance, academic 
collaboration often involves many authors or research institutions, 
and the value of a paper is not simply the sum of each author’s con-
tribution, or their pairwise effects. In ecological communities more 
generally, the interaction between two individuals may be promoted 
or inhibited by the simultaneous behavior of a third individual, and 
these effects may not be represented as the aggregation of pairwise 
effects30. Social events involving multiple participants inherently 
unfold in groups31. Other examples include information spread on 
networks32, group formation33 and system synchronization34. These 
forms of social interaction that involve multiple simultaneous agents 
and have nonlinear effects in individuals’ behavior are referred to as 
‘higher-order’ interactions.

Recent studies in fields outside of evolution have found that 
higher-order interactions can have a significant impact on system 
dynamics, and even reverse outcomes that arise under strictly pairwise 
interactions. For instance, when the relationship between species is 
competitive, higher-order interactions can stabilize dynamics, while 
strictly pairwise interactions produce oscillations35. In the context of 
social contagion, a sufficiently high infectivity rate for higher-order 
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J = [j1, j2, ..., jℓ−1]. Let W(ℓ)
iJ = 1  if such an ℓth-order [i, J] exists in the 

population, whereas W(ℓ)
iJ = 0 otherwise. For convenience, we use the 

notation wiJ = 1 (or wiJ = 0) to indicate the presence (or absence) 
of interaction [i, J]. We describe any combination of higher-order 
interactions in a population by a set of matrices, W(ℓ), for all possible 
values of ℓ from 2 to N. We additionally assume all interactions are 
undirected and there are no self-loops for each order of interaction  
(Methods).

We can often visualize a set of higher-order interactions by a com-
bination of simplices of different dimensions. For example, Fig. 1a illus-
trates a population structure with second-order interactions (pairwise 
interactions) shown as black lines connecting pairs of nodes, and also 
third-order interactions shown as shaded triangles connecting three 
nodes, also called 2-simplices. In the main text we focus on interactions 
of orders two and three; we provide general mathematical results for 
arbitrary orders in Methods.

Strategy evolution in the structured population proceeds by 
payoff-biased imitation. In each generation, every individual adopts 
either cooperation (C) or defection (D) to play in all second- and 
third-order interactions (Fig. 1b). Let xi denote individual i’s strategy, 
where xi = 1 is cooperation and xi = 0 is defection.

Public goods games. Higher-order interactions take the form of a 
symmetric PGG, which is a form of social dilemma for ℓ ≥ 2 concurrent 
players. Cooperators pay a cost c to contribute toward the production 
of a public benefit, which is divided equally among all ℓ players in the 
game (whether they cooperated or not). Defectors pay no cost and pro-
vide no public benefit. In particular, if n of the players are cooperators 
and the remaining (ℓ − n) players are defectors, then a defector and a 
cooperator receive respective payoffs

πD = bn
ℓ
,

πC = bn
ℓ
− c,

(2)

where bn denotes the total public benefit produced as the result of the 
n cooperators in the game.

The simplest PGG is linear: if one cooperator alone produces pub-
lic benefit b1 = b then, in the linear case, n cooperators produce total 
benefit bn = nb. But the linear PGG can be treated as a series of pairwise 
games, and so it fails to capture any interesting effects of higher-order 
interactions. Therefore, we study nonlinear public goods, such that 
the additional public good produced by each subsequent cooperator 

interactions can produce a discontinuous transition to an endemic 
state and a hysteresis loop in a bistable region36.

A natural question is how higher-order interactions impact the 
evolutionary dynamics of cooperative behaviors. There is literature 
that studies multiplayer games in well-mixed populations21,37,38 or in 
classical network-structured populations39–42, although this approach 
is limited to homogeneous network structures. Another approach is to 
study linear public goods games (PGGs) on hyper-graphs43–45. However, 
linear PGGs can be resolved into the sum of multiple pairwise games, 
and they may fail to capture the most interesting, nonlinear effects of 
higher-order interaction46.

Here we propose a mathematical model of strategy evolution 
on arbitrary higher-order networks that captures general multi-
player interactions, including nonlinearity in the outcomes result-
ing from participants’ behaviors. We provide an analytical treatment 
of cooperation with higher-order interactions, taking account of 
spatial heterogeneity. Our analysis identifies several classes of 
higher-order interaction networks that provide an advantage for 
the spread of cooperation above and beyond the effects of purely 
pairwise interactions. We also apply this analysis to four empirical 
networks that feature multiple subcommunities connected by weak 
links. Our analysis reveals when and how higher-order interactions 
have an impact on the spread of prosocial behaviors in structured  
populations.

Results
Model summary
Population structure with higher-order interactions. We consider  
a population of N individuals, labeled by 𝒩𝒩 = {1, 2, ...,N}. Individuals 
may participate in social interactions of multiple different orders, 
including, for instance, pairwise and three-way game interactions.  
A classic pairwise interaction is said to have order two, while a 
third-order interaction involves a game with simultaneous behavior 
by three participants. Let an ℓ-element set [i1, i2, ..., iℓ] denote an 
ℓth-order interaction, with ij ∈ 𝒩𝒩  and ij ≠ ik for any j ≠ k. The set for all 
possible ℓth-order interactions (that is, randomly choosing ℓ different 
individuals from 𝒩𝒩) is

ℒ(ℓ) = {[1, 2, ..., ℓ], ..., [N − ℓ + 1,N − ℓ + 2, ...,N]}, (1)

which has size |ℒ(ℓ)| = (N
ℓ
). We specify the ℓ-order interactions within 

a population by an binary matrix of size N-by-|ℒ(ℓ−1)|, denoted W(ℓ), 
whose entry in row i and column J represents an ℓth-order interaction 
involving participant i and (ℓ − 1) other participants, denoted by 
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Fig. 1 | Evolutionary dynamics with higher-order interactions. a, The 
population structure is described by a higher-order network, where nodes 
represent individuals, edges between nodes (black lines) represent second-order 
interactions, and three-node closures (shaded triangles) represent third-order 
interactions. b, Every individual adopts a strategy cooperate (blue circles) or 
defect (red circles) to play nonlinear PGGs in second- and third-order 
interactions, with payoff matrices shown. An individual obtains payoffs u(2)  

and u(3) from the two types of interaction, which gives an accumulated payoff 
u = u(2) + u(3) and associated fitness F = exp(θu). c, An individual i (gray node) is 
randomly selected to update his strategy by imitating one of his interacting 
partners (brown dashed circles). The probability that i copies j’s strategy is 
proportional to j’s fitness Fj and the frequency of interactions involving i and j, 
indicated by the number along the edges.
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is not a constant amount. In particular, we consider the following form 
of nonlinearity28:

bn = b (1 + δ + δ2 +⋯+ δn−1)

= b 1−δ
n

1−δ
,

(3)

which has the interpretation that the public benefit produced by each 
subsequent cooperator is modified by a factor δ, called the benefit 
factor. The case δ = 1 reduces to the linear PGG. This formulation of 
nonlinear public goods is motivated by a general principle for the mar-
ginal utility of additional contributions to a common pool, namely:

B(x + h) − B(x) = Δ(h)(B(x) − B(x − h)), (4)

where B(x) denotes the benefit produced from total contribution x. This 
equation says that there are marginal returns on additional investment 
in the public pool, and that the marginal utility of additional contribu-
tion h does not depend on the total contribution x to which it is added.

To be completely general, we allow for different nonlinearities 
in ℓ-player PGGs, when interactions differ in the number of players 
involved. That is, we allow different benefit factors for second- and 
third-order social interactions, δ2 and δ3 respectively (see Fig. 1b for 
detailed payoff matrices). Individual i then obtains the following  
payoffs from second- and third-order PGGs:

Individual i’s accumulated payoff across interactions of all orders is 
then ui = u(2)i + u(3)i , which determines i’s fitness Fi = exp(θui). Here θ 
(0 ≤ θ < 1) is called the strength of selection, and it measures how 
strongly fitness influences the propensity to copy a player’s strategy. 
We focus on the regime of weak selection, θ ≪ 1 (ref. 47).

Strategy evolution by payoff-biased imitation. After all interactions 
occur and payoffs accumulate, a random individual i is selected uni-
formly to consider changing his or her strategy. Following the widely 
used death–birth updating rule, individual i imitates a random indi-
vidual j’s strategy with probability proportional to j’s fitness Fj and the 
frequency of interactions involving i and j, given by rij = wij +∑k∈𝒩𝒩wijk 
(Fig. 1c). Therefore, the probability that individual i copies j’s strategy 
is given by

pj→i =
1
N

Fjrij
∑k∈𝒩𝒩Fkrik

. (6)

Note that strategy updating acts on a so-called replacement graph 
(that is, location reproduction) with edge weight rij equal to the total 
number of interactions occurring on edge (i, j) per unit of time (see 
equation (16)).

General rule for the evolution of cooperation
In the absence of mutation, the population will eventually reach one of 
two absorbing states: the all-cooperator state or the all-defector state. 
We let ρC denote the probability that a cooperator, occupying a random 
node in a population otherwise full of defectors, will eventually spread 
to the entire population through the process of payoff-biased strategy 
imitation48. We say that selection favors cooperation when the fixation 
probability is larger than in the absence of selection, namely, ρC > 1/N.

We have proven that cooperation is favored by natural selection 
(that is, ρC > 1/N) when

(f (2)b + f (3)b )b − (f (2)c + f (3)c ) c > 0, (7)

where f (ℓ)b  and f (ℓ)c  denote the coefficient of benefit b and cost c, aris-
ing from ℓth-order interactions. Intuitively, the above condition means 
that, when a random player is selected to update his strategy, a coop-
erative neighbor has a higher accumulated payoff from second-order 
and third-order interactions than a random neighbor. The correspond-
ing threshold benefit-to-cost ratio required for selection to favor coop-
eration is given by

(bc )
∗
=

f (2)c + f (3)c

f (2)b + f (3)b

. (8)

The quantities f (ℓ)b  and f (ℓ)c  (ℓ = 2, 3) can be calculated from the popu-
lation structure, namely the pairwise interactions W(2) and the 
third-order interactions W(3), by solving a system of linear equations of 
size O(NL+1), where L is the highest order of interactions, equal to 3 in 
the cases we study in the main text (Methods).

The main question we study is: when do higher-order interactions 
promote cooperation relative to only pairwise interactions? In our 
model, each population structure has a unique critical benefit-to-cost 
ratio (b/c)* above which selection will favor cooperation. When the 
critical ratio (b/c)* is smaller (but positive), this indicates that it is easier 
to promote cooperation. Therefore, we analyze when the critical ratio 
for a population structure with both second- and third-order interac-
tions, (b/c)∗(2,3), is lower than the critical ratio in a population structure 
restricted to only pairwise interactions, (b/c)∗(2).

Well-mixed population structures
We first consider a well-mixed population structure. In the case of  
pairwise interactions alone, when every node in the population of 
size N is connected to every other node, the critical ratio required to  
support cooperation is given by

(bc )
∗

(2)
= 6(N − 1)
(δ2 + 2)(N − 2) . (9)

By contrast, if all triplets of nodes are engaged in third-order  
interactions then the critical ratio for cooperation is given by

(bc )
∗

(3)
= 18(N − 1)
(δ23 + 2δ3 + 3)(N − 3)

. (10)

Finally, if a population structure includes both all second-order 
and all third-order interactions then the resulting critical ratio for the 
hybrid structure is

(bc )
∗

(2,3)
= 18(N − 1)N
(N − 2) (6δ2 + δ23(N − 3) + 2δ3(N − 3) + 3(N + 1))

. (11)

Equations (9)–(11) recover well-known outcomes in a well-mixed  
population, previously derived using the Moran process49.

The replacement graphs for well-mixed structures of arbitrary 
order are all equivalent to that of an unweighted well-mixed popu-
lation structure: that is, any node can potentially imitate any other 
node’s strategy. Nonetheless, the critical ratio required to favor 
cooperation in a well-mixed second-order network differs from the 
ratio in a well-mixed third-order structure. For example, in the sim-
ple case of a linear PGG, δ2 = δ3 = 1, the critical ratio is always larger 
under only third-order interactions, compared with a population with 
only second-order interactions (Fig. 2a), which reflects a well-known 
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effect of group size37. There is a simple intuition for this result. The 
total benefit produced in each PGG is divided equally among all play-
ers involved in the interaction—and so the social dilemma is more 
acute for third-order interactions than for second-order interactions  
(with δ2 = δ3), leading to a larger benefit-to-cost ratio required to favor 
cooperation for third-order interactions.

We are interested in the effects of higher-order interactions com-
pared with pairwise interactions. But the results in Fig. 2a show that, 
to make a fair comparison between second- and third-order interac-
tions, we must introduce a stronger nonlinearity in the three-player 
PGGs than in the two-player games. In other words, we must ensure 
the marginal public benefit from each additional cooperator is larger 
in the three-player game than in the two-player game. The principle we 
follow is to choose δ3 as a function of δ2 such that the critical ratios for 
well-mixed populations of second- and third-order interactions will be 
the same, at least in the limit of N → ∞. We can solve for this relationship 
between benefit factors:

δ3 = (3δ2 + 4)
1/2 − 1. (12)

The effect of enforcing this relationship is shown in Fig. 2b. As desired, 
when enforcing this relationship, the critical ratios for second-order 
and third-order well-mixed populations are the same, in the limit of 
large population N → ∞, so that comparisons between interactions of 
different orders are now fair. (Moreover, when N is finite, the critical 
benefit-to-cost ratio for third-order interactions is always larger than 
for second-order interactions—which is a conservative result when 
studying whether higher-order interactions facilitate cooperation.)

We will enforce the relationship above between the benefit  
factors δ3 and δ2 (equation (12)) throughout our analysis, so that 
higher-order interactions (or a mixture of second-order and 
higher-order interactions) are always compared on a fair basis with 
strictly second-order interactions. We will often use two representative 

examples of equation (12): (δ2, δ3) = (0, 1) and (δ2,δ3) = (1, √7 − 1). The 
first example illustrates that a two-player threshold PGG is equivalent, 
from the perspective of cooperation in an infinitely large well-mixed 
population, to a three-player linear PGG.

By construction, when we compare higher-order interactions to 
pairwise interactions on a fair basis (enforcing equation (12)), we find 
that higher-order interactions never promote the evolution of coopera-
tion in well-mixed populations: that is, (b/c)∗(2) ≤ (b/c)∗(3) and (b/c)∗2 ≤
(b/c)∗(2,3)  in well-mixed populations. The question still remains,  
though, whether higher-order interactions might facilitate coopera-
tion, by lowering the required benefit–to-cost ratio, in populations 
with non-trivial structures.

Higher-order star networks
We use star networks as the first type of non-trivial population  
structure, to study the impact of higher-order interactions on the  
evolution of cooperation. It is already well known that star networks 
facilitate cooperation in the context of pairwise interactions alone10. 
Here we ask whether including higher-order interactions into such 
structures will have any additional effect on the evolution of coopera-
tive behavior.

A higher-order star network is defined by a single root node with 
m branches. Each branch contains two leaf nodes connected with each 
other and with the root, so there are a total of N = 2m + 1 individuals in 
the population and 3m edges. If we allow for third-order interactions 
as well, then we add m 2-simplices, each involving the root node and 
the two leaf nodes of a branch (Fig. 3a)

All individuals are connected by purely third-order interactions 
in the star network, and so ρC and (b/c)* are well defined even when 
the structure contains only third-order interactions. In addition, the 
replacement graphs are also equivalent under second- and third- 
order interactions, so that (b/c)∗(2,3) will always fall between (b/c)∗(2)  
and (b/c)∗(3).

We have derived analytic expressions for the critical ratio that 
favors cooperation on higher-order star networks (Supplementary 
Section 3). Enforcing equation (12), to make a fair comparison between 
second- and third-order structures, we find that (b/c)∗(2,3)  is always  
lower than (b/c)∗(2), for any number of branches m and any value of δ2. 
In other words, including higher-order interactions on the star network 
always facilitates the evolution of cooperation (Fig. 3c). In the limit  
of many branches, m → ∞, we have the relatively simple exact 
expressions

( b
c
)
∗

(2)
= 24

5(δ2+2)
,

( b
c
)
∗

(2,3)
= 14364

3501δ2−374√3δ2+4+7132
,

(13)

and the relation (b/c)∗(2,3) < (b/c)∗(2) still holds (Fig. 3d).

Pairwise projection graphs
The effects of higher-order interactions can also be understood using 
a pairwise projection graph20,50. The addition of higher-order interac-
tions provides group-size variation38,51 and more opportunities for 
individuals to interact than purely pairwise interactions. Therefore, we 
would like to determine whether the cooperating-promoting effects of 
higher-order interactions are caused simply by adding more opportuni-
ties for local interactions, or whether it is due to the particular arrange-
ment of higher-order structures—such as the 2-simplices associated 
with each branch in the higher-order star networks.

To resolve this question, for any given higher-order population 
structure, we construct a corresponding weighted pairwise projection 
graph, which has the same topology and weights as the replacement 
graph of the higher-order network. In other words, the projection 
graph includes an edge weight for every pair of nodes that is involved 
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linear three-player PGGs. b, To ensure a fair comparison between population 
structures with second- and third-order interactions, we enforce a relationship 
between the benefit factors δ2 and δ3 (inset), such that resulting social dilemma is 
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population. The plot shows the critical ratio for second-order benefit factor  
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size N gets large.
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in a distinct ℓ-simplex. The resulting weighted projection graph is 
therefore a pairwise network that has the same number of interactions 
as in the higher-order structure, and so it serves as a control to test 
whether effects on evolutionary dynamics are caused merely by extra 
opportunities for interaction, as opposed to higher-order structures 
themselves.

In the case of higher-order star structures, the critical ratio of the 
associated projection network is greater than (b/c)∗(2,3) (Supplementary 
Fig. 1a), which indicates that higher-order interactions in these struc-
tures facilitate cooperation, above and beyond just the addition of 
more social interactions.

Intuition for the effects of higher-order interactions
To help understand how higher-order interactions facilitate coopera-
tion in star structures, we consider an evolutionary trajectory starting 
from the initial state with a single cooperator in a leaf node (Fig. 4). We 
focus on how third-order interactions—PGG games played among two 
leaf nodes and the center node—increase the prospects for coopera-
tion, compared with pairwise interactions. The spread of the coopera-
tive type to the second leaf node occurs by random drift. However, 
once both leaves are cooperators, the chance that the center node will  

imitate a cooperative leaf node is greater for the three-person PGG 
than for either two-person PGG involving the center node. Therefore, 
the higher-order structure facilitates the spread of cooperation to 
the center node. Subsequently, the center node is more likely to resist 
invasion from a defector leaf node under third-order interactions, 
than under pairwise games. Once cooperation spreads to a majority 
of leaves, third-order interactions increase the chance of coopera-
tion spreading further, compared with pairwise games. Therefore, 
at all steps along the process toward fixation on a star structure, 
third-order interactions facilitate the spread of cooperation relative 
to pairwise games.

Multiple-clique population structures
The cooperative benefits of higher-order social interactions are not 
limited to highly stylized structures such as the star network. There is 
a broad range of structures that feature multiple cliques of highly con-
nected nodes (called conjoined networks)52, in which higher-order inter-
actions make it far easier for cooperation to evolve. A multiple-clique 
network consists of two (or more) sub-graphs connected by pairwise 
links between them. Each such sub-graph is more dense than the links 
connecting different sub-graphs.
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Fig. 3 | Higher-order interactions can facilitate cooperation. We consider a 
higher-order star network, composed of one root node and m branches. a, In the 
higher-order star network, each branch consists of two leaf nodes and forms a 
closure triangle with the root. The network size is thus N = 1 + 2m. b, The rescaled 
fixation probability of cooperators, NρC, as a function of the benefit-to-cost 
ratio b/c in the PGG. Selection favors cooperation if NρC exceeds the horizontal 
line, that is NρC > 1. We analyze two different benefit factors, δ2 = 0 or δ2 = 1, each 
with corresponding values of δ3 (equation (12)). The dots show the results of 107 
Monte Carlo simulations and the vertical lines show the analytical prediction 
for the benefit-to-cost ratio (b/c)* required to favor cooperation. Higher-order 

introductions (gray) decrease the benefit required to support the evolution of 
cooperation, compared with strictly pairwise interactions (red). c, The benefit-
to-cost ratio (b/c)* required for cooperation to evolve as a function of the number 
of branches m and the benefit factor δ2. For all values of m and δ2, the introduction 
of higher-order interactions makes it easier for cooperation to evolve. d, An 
explicit analytical result of the benefit-to-cost ratio required for cooperation. 
The dots correspond to the exact result from equation (8) for finite population 
sizes and the dashed lines show results in the limit of m → ∞ (equation (13)). We 
determine the fixation probabilities by the fraction of 107 runs where cooperators 
reach absorption. Parameter values: c = 1, θ = 0.01, m = 10 (b).
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We consider two types of sub-graph: a fully-mixed sub-graph and 
a ‘rich-club’ sub-graph. A rich-club network is defined by m1 central 
nodes and g peripheral nodes. Each central node is connected to all 
other nodes, and each peripheral node is connected only to the central 
nodes. For simplicity, we set m1 = 2 (see Supplementary Section 3 for 
other cases).

Higher-order interactions do not promote cooperation on a 
single complete network, or on a single rich-club network. In fact, 
second-order interactions are more favorable for cooperation on 
such networks (Supplementary Fig. 2). But when we conjoin two such 
sub-graphs to each other (that is, one well-mixed sub-graph to another 
by a single link (Fig. 5a) or one rich club to another by linking their cen-
tral nodes (Fig. 5d)), then higher-order interactions promote coopera-
tion, by reducing the critical benefit-to-cost ratio required for selection 
to favor cooperation, relative to pairwise interactions alone.

Even as the number of peripheral nodes g tends to infinity in each 
sub-graph, (b/c)∗(2,3) is still lower than (b/c)∗(2). Moreover, the effects  
of higher-order structures in conjoined networks are caused by the 
higher-order interactions themselves, as opposed to simply an excess 
of interactions overall—because the corresponding pairwise projection 
graphs do not show a benefit for cooperation (Supplementary Fig. 1a).

We can analyze the complete network to understand intuitively 
why multiple-clique higher-order networks promote cooperation 
(Supplementary Section 4 and Supplementary Fig. 3). Throughout 
the whole evolutionary process, third-order interactions amplify 
the difference between the benefit of a cooperator and a random 
individual two links away. In a single-clique network, a cooperator’s 
benefit is always lower than a random individual’s benefit; and so 
third-order interactions are disadvantageous to cooperation. But 
in a conjoined two-clique network, the fitness difference is positive, 
because the average benefit of the random individual is reduced. 
Third-order interactions extend this advantage, and therefore  
promote cooperation.

Aside from conjoined complete networks, or conjoined rich-club 
networks, we systematically analyzed a broad range of multi-clique 
network structures. We quantify higher-order effects by reporting the 
difference (b/c)∗(2) − (b/c)∗(2,3) —which is positive when higher-order 
interactions promote cooperation relative to purely second-order 
interactions, and negative otherwise. Among all 93 structures of size 
N = 6 that have at least one 2-simplex, there are only 6 structures for 
which higher-order interactions promote cooperation (Extended Data 
Fig. 1a, red bars). But when we conjoin two such identical structures by 

adding a single pairwise link, then all 93 resulting two-clique graphs 
have cooperation facilitated by higher-order interactions (Extended 
Data Fig. 1a, blue bars). We also calculate the critical ratio of the projec-
tion graph for all these two-clique networks, and the results further 
demonstrate the positive effect of higher-order interactions on coop-
eration (Supplementary Fig. 1b).

Similar results hold across a broad range of conjoined random 
networks (random regular, small-world53 and scale-free networks54 
as shown in Extended Data Fig. 1b and Supplementary Fig. 4). These 
results suggest that higher-order interactions are generally beneficial 
for cooperation for population structures with multiple cliques.

Empirical social networks with multiple communities
Empirically measured networks of social interactions frequently feature 
community structure in their underlying topologies. The density of 
edges within communities (cliques) is higher than between them. We 
study four empirical networks from different social contexts: a com-
munication network of 33 women, who were in the role of mothers’ club, 
discussing family planning methods in Korean villages55; a friendship 
network of 34 members in a university karate club for a period of three 
years from 1970 to 1972, which records interactions between members 
who communicated outside the club56; a social network of 18 women 
from the Deep South engaging in a set of social events57, collected in 
the 1930s; a children’s friendship network of 22 fifth-grade students 
from public elementary schools in a midwestern US community58. For 
each empirical network, we apply Clauset–Newman–Moore greedy 
modularity maximization59 to detect community structures (Fig. 6). 
The number of detected communities is 4, 3, 2 and 2, respectively, and 
the communities vary in size even within a single network.

We first calculate the critical ratios, (b/c)∗(2) and (b/c)∗(2,3), for each 
community in isolation. Cooperation is easier to evolve (lower b/c 
required) under strictly pairwise interactions for all but one community 
(the purple community in Fig. 6c). But when considering the entire, 
multi-clique network, we find that higher-order interactions facilitate 
cooperation in all of these empirical structures.

We also check the cooperation-promoting effect of higher-order 
interactions under the mutation-selection process, where individu-
als may accidentally copy the wrong strategy of their neighbors with 
a specific error rate. We find that the introduction of higher-order 
interactions can still promote the evolution of cooperation for the 
entire multi-clique networks even if individuals may make mistakes 
when updating their behavior (Supplementary Fig. 5).
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Fig. 4 | Intuition for how higher-order interactions promote cooperation. 
Higher-order interactions facilitate the spread of cooperation on star structures. 
We consider an evolutionary process beginning with a single cooperator at a 
branch node (time t1). Initially, stochastic drift is responsible for the spread of 
cooperation from node 1 to node 2, whether under pairwise or third-order 
interactions. After both leaf nodes are cooperators (time t2), a leaf cooperator 
(for instance, node 1) receives payoff u(2)1  and a leaf defector (for instance, node 
6) receives payoff u(2)6  under pairwise games; versus payoffs u(3)1  and u(36  under 
third-order games. The resulting probability that a cooperator invades the root 
node (equation (6)) is higher under third-order interactions than under 

second-order interactions, that is p(3)1→9 > p(2)1→9. In addition, after the root node 
imitates a cooperator (time t3), higher-order interactions make it easier for the 
root to withstand re-invasion by a defector leaf, that is p(3)6→9 < p(2)6→9. Finally, once 
half of the leaf nodes are cooperators (time t4), the root node has a greater chance 
to propagate cooperation to the remaining leaf nodes under third-order 
interactions than under purely pairwise interactions (for instance, p(3)9→5 > p(2)9→5). 
Overall, third-order interactions increase the chance that cooperation will 
eventually fix in the population (time t5) compared with pairwise interactions. 
Parameters: δ2 = 0, δ3 = 1, b/c < 3.
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Other pay-off functions
We have analyzed the spread of cooperative behavior in the nonlinear 
PGG, which is a minimal model of a multiplayer social dilemma. We 
have assumed a multiplicative nonlinearity in the marginal utility of 
individual contributions (equation (4)). But other forms of nonlinearity 
are also reasonable—and we explore two alternative formulations in 
Supplementary Information (Supplementary Section 5 and Supple-
mentary Figs. 6–8), with similar qualitative results. Although we have 
developed an analytical treatment for arbitrarily complex interactions, 
we focused our study on interactions up to the third order, for reasons 
of computational efficiency. Third-order interactions are sufficient 
to capture a nonlinear relationship between participants’ behaviors, 
distinct from pairwise interactions.

Our analysis has focused on accumulated payoffs, so that each indi-
vidual is rewarded by summing their payoffs over all games (pairwise 
or higher-order) in which they play. An alternative setup is to consider 
average payoffs—which are normalized, for each individual, by the 
number of their interactions. We have conducted the same systematic 
study as in Extended Data Fig. 1 for the uncoupled average payoff and 
the coupled average payoff (Supplementary Fig. 9), and we find similar 
results to the case of accumulated payoffs.

Discussion
Population structure has long been recognized as a catalyst for coop-
eration that cannot otherwise spread in a well-mixed society. The basic 

mechanism is simple: local interactions promote phenotypic assort-
ment and allow the formation of mutually cooperative partnerships. 
But human interactions in the real world frequently involve more than 
two members simultaneously60–64, and the resulting payoffs are typi-
cally nonlinear in the contributions of the interacting individuals28. 
Examples of higher-order interactions range from team collaboration 
in academia to collective decision-making in human societies65.

There has been less theoretical research on higher-order inter-
actions than on strictly pairwise interactions66,67, with some notable 
exceptions22–24. Most techniques for studying multiplayer interactions 
are limited to homogeneous population structures22–24. Unlike pairwise 
interactions, higher-order interactions may involve different numbers 
of individuals, making it difficult to analyze all interaction scenarios 
in heterogeneous populations. Our work provides a systematic way 
to embrace this complexity, and to analyze the effects of arbitrary 
population structures that contain interactions of multiple, different 
orders. We have seen that higher-order interactions often facilitate 
cooperative behavior above and beyond strictly pairwise interactions 
in both heterogeneous structures and also homogeneous structures of 
sufficient size (Supplementary Fig. 10). This effect is especially strong 
for population structures with several dense cliques connected by 
weak links between them. We note that these results were obtained 
under weak selection. Although these results persist in regimes of 
intermediate selection strength, they may not extend to regimes of 
strong selection22,68 (Supplementary Fig. 11).
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Fig. 5 | Higher-order interactions facilitate cooperation in multi-clique 
networks. a, A two-clique graph formed by joining two complete sub-graphs 
graphs of the same size, g. b, The critical benefit-to-cost ratio for cooperation as a 
function of the clique size g and the benefit factor δ2 for purely pairwise 
interactions (red plane, (b/c)∗(2)) and for the higher-order interactions (gray 
plane, (b/c)∗(2,3)). c, Analytical approximations of the benefit-to-cost ratio, for 
sufficiently large network sizes (lines) and exact analytical computations (dots). 
Higher-order interactions facilitate cooperation for all network sizes and benefit 

factors shown. d, Two rich-club sub-graphs conjoined by connecting central 
nodes (purple). Each rich-club graph is composed of two central nodes and g 
peripheral nodes. Each central node is connected to all other nodes, but the 
peripheral nodes are only connected to the central nodes. e,f, Analytical 
approximations for the critical benefit-to-cost ratio for a finite (e) and a infinite 
(f) number of peripheral nodes under second-order or higher-order interactions. 
In all cases, higher-order interactions facilitate cooperation.
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Stylized structures such as the star network help develop an intui-
tion for how, during the course of behavioral imitation, higher-order 
interactions facilitate the spread of cooperation (Fig. 4). More gen-
erally, even for complicated networks with irregular structures, we 
find that higher-order interactions facilitate cooperation for struc-
tures that contain dense sub-networks, or cliques, connected by weak 
links—including all such examples for cliques of N = 6 nodes, as well 
as a diverse array of random networks with cliques (Extended Data 
Fig. 1). This finding has relevance to empirical social interactions, 
because real-world structures often exhibit cliques or communities 
that can be identified by robust algorithms69,70. Community structure 
is already known to catalyze cooperation in strictly pairwise inter-
actions52, and here we have shown that these structures promote 
cooperation more strongly yet, when there are multi-way interactions 
within each community (Fig. 6). Another way to describe this result 
is that modularity in network structure predisposes a population 
to benefit from multi-way interactions. And, indeed, we find that 
the cooperation-promoting effects of higher-order interactions are 
strongly correlated with measures of modularity among 3,000 random 
networks (Supplementary Fig. 12).

In our model, higher-order interactions play an important role in 
obtaining benefits, but individual behavior is still transmitted through 
pairwise links. Although pairwise imitation is a natural choice, one 
possible extension of our model is that higher-order interactions could 
also act on strategy propagation, where an individual could modulate 
his choice of neighbor to imitate based on the higher-order structures.  
A similar idea has been implemented in a generalized epidemic model36, 
in which a susceptible node is allowed to be independently infected 
through different orders of interactions, which produces the expected 
result that the density of infectious nodes is increasing with additional 
complex contagion. It is possible that changing the mode of strategy 

propagation could significantly affect the fate of cooperators—a topic 
that remains open for future research.

We have provided a mathematical framework to study the evolu-
tion of cooperation with arbitrary symmetric games. Nevertheless, 
there are many related open questions worthy of further study, such as 
the outcome of temporality71 and mixing second-order and Nth-order 
interactions. It is also meaningful to consider evolutionary dynam-
ics in other forms of games, such as the sender–receiver game72 and 
asymmetric games73,74 with a distinct benefit factor in higher-order 
structures. These remain fertile areas for future investigation on 
higher-order strategic interactions.

Methods
Here we briefly outline our mathematical analysis for arbitrary 
higher-order networks, and we refer to Supplementary Information 
for detailed derivations. We follow the notation developed in ‘Results’.

Fixation probabilities for arbitrary higher-order networks
We first introduce the assumptions of our adjacent matrix W(ℓ): (1) wi,J 
equals 0 or 1 (that is, unweighted); (2) for any permutation σ of 
[i, j1, …, jℓ−1], wij1…jℓ−1 = wσ(i)σ(j1)…σ(jℓ−1) (that is, undirected); (3) if any two 
indexes in [i, j1, …, jℓ−1] are equal, wiJ = 0 (that is, no self-loops). The 
general form of a symmetric ℓ-player game is described by

nC
rC
rD

⎛
⎜
⎜
⎜
⎝

0 1 … ℓ − 1

a(ℓ)0 a(ℓ)1 … a(ℓ)ℓ−1

b(ℓ)0 b(ℓ)1 … b(ℓ)ℓ−1

⎞
⎟
⎟
⎟
⎠

,

where nC represents the number of cooperative opponents,  
and rC (rD) represents the payoff of the focal player being a cooperator 

a (b/c)*(2) = 3.02, (b/c)*(2,3) = 2.80 (b/c)*(2) = 2.93, (b/c)*(2,3) = 2.69
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Fig. 6 | Effects of higher-order interactions for empirical social networks. 
a–d, We consider four empirical datasets: discussions of family planning among 
33 women in Korea55 (a); friendships among 34 members of a university karate 
club56 (b); social relationships among 18 women57 (c); friendships among 22 
fifth-grade students58 (d). We use Clauset–Newman–Moore greedy modularity 

maximization59 to identify communities (denoted by nodes of different colors) 
within each network. We find that (b/c)∗(2,3) exceeds (b/c)∗(2) in almost all 
communities, individually. But higher-order interactions facilitate cooperation 
((b/c)∗(2,3) < (b/c)∗(2)) for the entire network, in each of these four empirical 
examples.
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(defector). The payoff of i on ℓth-order interactions is denoted  
as u(ℓ)i

u(ℓ)i = ∑
J=(j1 ,…,jℓ−1)∈ℒ(ℓ−1)

wiJ ∑
(k1 ,…,kℓ)∈{0,1}

ℓ
v(k1,… , kℓ)xk1i x

k2
j1
… xkℓjℓ−1 , (14)

and individual i’s total payoff is the sum of the payoff on each order, 
given by

ui = u(2)i +…+ u(L)i = ∑
I∈ℒ

c(i)I xI, (15)

where ℒ = ⋃L
ℓ=1 ℒ(ℓ) ∪ ∅, and v(k1, …, kℓ) and c(i)I  are the coefficients of 

xk1i x
k2
j1
… xkℓjℓ−1  and xI, respectively (see Supplementary Information for 

the explicit mathematical expressions).
For the replacement graph, the weight of edge (i, j) is given by

rij =
L−1
∑
s=1

∑
J∈ℒ(s),j∈J

wiJ, (16)

the reproductive value of i is πi = ∑jrij/∑i,jrij, and the probability of  
k-step random walk from i to j is denoted as p(k)ij . Then the fixation  
probability for cooperation is given by the general expression

ρC =
1
N + θ

N (Λ(2) −Λ(0)) +O (θ2) , (17)

where Λ(k) = ∑I∈ℒ ∑
N
j,m=1 πjc

(m)
I p(k)jm η{j}∪I , and for a fixed I = (i1, …, iℓ), the 

following system of linear equations holds for ηI

ηI =
⎧
⎨
⎩

1
ℓ
+ 1

ℓ
∑
y∈𝒩𝒩

(p(1)i1yηy,…,iℓ + … + piℓy(1)ηi1 ,…,y) 2 ≤ |I| ≤ L + 1,

0 |I| = 1,
(18)

Critical ratio under higher-order interactions
For the PGG defined by equation (3), we have the following expansion 
for ρC under weak selection

ρC =
1
N + θ

N [(f (2)b + f (3)b )b − (f (2)c + f (3)c ) c] +O (θ2) , (19)

and the critical benefit-to-cost ratio under hybrid-order interactions 
is (b/c)∗(2,3) = (f (2)c + f (3)c )/(f (2)b + f (3)b ), where f (ℓ)c  and f (ℓ)b  only depend on 
ℓth-order interactions, given by

f(2)c = ∑
j,m∈𝒩𝒩

πjt
(2)
m (p(2)jm − p(0)jm )ηjm,

f(3)c = ∑
j,m∈𝒩𝒩

πjt
(3)
m (p(2)jm − p(0)jm )ηjm,

f(2)b = ∑
j,m∈𝒩𝒩

πj
t(2)m
2
(p(2)jm − p(0)jm )ηjm

+ ∑
j,m,j1∈𝒩𝒩

πj
t(2)mj1
2
(p(2)jm − p(0)jm )ηjj1

+ ∑
j,m,j1∈𝒩𝒩

πj
(δ2−1)t

(2)
m,j1

2
(p(2)jm − p(0)jm )ηjmj1 ,

f(3)b = ∑
j,m∈𝒩𝒩

πj
t(3)m
3
(p(2)jm − p(0)jm )ηjm

+ ∑
j,m,j1∈𝒩𝒩

πj
t(3)mj1
3
(p(2)jm − p(0)jm )ηjj1

+ ∑
j,m,j1∈𝒩𝒩

πj
(δ3−1)t

(3)
mj1

3
(p(2)jm − p(0)jm )ηjmj1

+ ∑
j,m,j1 ,j2∈𝒩𝒩

πj
(δ3−1)t

(3)
mj1 j2

6
(p(2)jm − p(0)jm )ηjj1 j2

+ ∑
j,m,j1 ,j2∈𝒩𝒩

πj
(δ3−1)

2t(3)mj1 j2
6

(p(2)jm − p(0)jm )ηjmj1j2 ,

(20)

and the parameter t(n+m)i,i1 ,…,in−1
 satisfies

t(n+m)ii1 ,…in−1
∶= ∑

(j1,… , jn+m−1) ∈ ℒ(n+m−1)

{i1,… , in−1} ⊂ {j1,… , jn+m−1}

wij1 ,…jn+m−1 m ≥ 0. (21)

In particular, when a population with purely ℓth-order interactions 
is connected, the corresponding critical ratio is then well defined and 
given by (b/c)∗(ℓ) = f (ℓ)c /f (ℓ)b .

Reporting summary
Further information on research design is available in the Nature 
Portfolio Reporting Summary linked to this article.

Data availability
All empirical network datasets used in this paper are freely and publicly 
available at https://icon.colorado.edu/#!/networks (see refs. 55–58). 
Source data are provided with this paper.

Code availability
All numerical calculations were performed in MATLAB R2023a. All data 
analysis were performed in Python 3.10. All computer code developed 
in this study has been deposited into a publicly available GitHub reposi-
tory at https://github.com/anzhisheng/Higher-order-interactions 
(ref. 75).
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Extended Data Fig. 1 | Evolution of cooperation on a variety of higher-order 
networks. Cooperation is typically facilitated by higher-order interactions in 
diverse networks with multiple cliques. a, There are 93 networks that have a size 
of N = 6 and contain at least one triangle. Two examples are illustrated in the 
upper panel. For every single network, the critical benefit-to-cost ratios for 
purely pairwise interactions (b/c)∗(2) and for higher-order interactions (b/c)∗(2,3) 
are calculated, and their difference measures how higher-order interactions 
influence the evolution of cooperation: (b/c)∗(2) − (b/c)∗(2,3) > 0 indicates that 
higher-order interactions facilitate cooperation. For δ2 = 1 and δ2 = 0, the red bars 
show that higher-order interactions facilitate cooperation for only 6 out of the 93 
6-node networks. But when we conjoin two such single networks via a random 

link (averaging over link placement), then higher-order interactions consistently 
facilitate cooperation (blue bars). b, Three representative classes of random 
networks: random regular networks (RR), Watts-Strogatz small-world networks 
with rewiring probability p = 0.3 (SW)53, and Barabási-Albert scale-free networks 
(SF)54. For each class, we generated 1,000 networks with size N sampled uniformly 
from [8, 15] and with average degree sampled in [4,N]. The red bars show the 
effects of higher-order interactions in these single networks (which facilitate 
cooperation in less than 50% of cases), whereas the blue bars show the effects of 
higher-order interactions on two-clique networks generated by connecting two 
identical networks via the node of highest degree: higher-order interactions 
facilitate cooperation for all such conjoined networks.
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